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Motivation

Salzmann et al.
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Verification

Salzmann et al.; Wongpiromsarn; Prism; Z3; nuSMV
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Verification

Salzmann et al.; Wongpiromsarn; JuliaReach; Prism; Z3; nuSMV
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Verification

Can we synthesize
controllers from
specifications?

Salzmann et al.; Wongpiromsarn; JuliaReach; Prism; Z3; nuSMV
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1. Formal Synthesis for Linear Systems

2. Multiagent Control

3. Control Barrier Safety Layer
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Agenda
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Formal Synthesis for
Linear Systems



Formal Synthesis for Linear Systems

𝑂!

𝐼" 𝐶 𝑂"

𝐼!

𝐺¬ 𝑥! ∈ 𝐶 ∧ 𝑥" ∈ 𝐶
∧ 𝐹 𝑥! ∈ 𝑂!
∧ 𝐹(𝑥" ∈ 𝑂")
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Formal Synthesis for Linear Systems
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Quasi-Infinite Horizon OCP

min
#,%,&

.
'

(
𝑐 𝑥, 𝑢 𝑑𝑡 + 𝑉(𝑥(𝑇))

𝐶 𝑥, 𝑢 = 0
𝐷 𝑞 ≤ 0

𝑆 𝑞, 𝑥 ≤ 0
𝑥 𝑇 ∈ 𝒯𝑠. 𝑡.
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Value Function

Moment LP Dual Moment LP
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min
!,!!

𝑙, 𝜇

𝑑𝑖𝑣 𝑓𝜇 + 𝜇# = 𝜇$

𝜇$, 𝜇# , 𝜇 ∈ 𝑀(𝑋×𝑈)

s.t.

max
%

𝑣, 𝜇$

𝑙 + 𝛻𝑣 ⋅ 𝑓 ∈ 𝐶(𝑋×𝑈)s.t.

𝑙# − 𝑣 ∈ 𝐶(𝑋#)

Positivity constraints
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Value Function

Moment LP Dual LP
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min
!,!!

𝑙, 𝜇

𝑑𝑖𝑣 𝑓𝜇 + 𝜇# = 𝜇$

𝜇$, 𝜇# , 𝜇 ∈ 𝑀(𝑋×𝑈)

s.t.

max
%

𝑣, 𝜇$

𝑙 + 𝛻𝑣 ⋅ 𝑓 ≥ 0 ∀𝑥, 𝑢 ∈ 𝑆(𝑋×𝑈)s.t.

𝑙# − 𝑣 ≥ 0 ∀𝑥 ∈ 𝐶(𝑋#)

Approximate via sampling

=> Linear Program
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Results
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Results
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Multiagent Control
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Method

min
&,',(

𝐽& 𝑥, 𝑦 + 𝜆)(𝑦 − 𝑦$)

𝑠. 𝑡. 𝑆& 𝑥, 𝑦 = 0

min
',&,(

𝐽' 𝑦, 𝑥 + 𝜆*(𝑥 − 𝑥$)

𝑠. 𝑡. 𝑆' 𝑦, 𝑥 = 0

𝜆)+ = 𝜆) + 𝛼(𝑦 − 𝑦$) 𝜆*+ = 𝜆* + 𝛼(𝑥 − 𝑥$)

Update 𝑦$ Update 𝑥$

Optimize individually

Penalize deviation of shared variables

Update shared variables, iterate
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Example

𝐺¬(𝑥) ∈ 𝐶 ∧ 𝑥* ∈ 𝐶)

𝑡𝑟𝑢𝑒

𝐼" 𝐶 𝑂"

𝐼#

𝑂#
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Example

𝐺((𝑥) ∈ 𝐼) ∧ 𝑥* ∈ 𝐴*) ⇒ 𝐺¬(𝑥) ∈ 𝐶 ∧ 𝑥* ∈ 𝐶))

𝐺((𝑥* ∈ 𝐼* ∧ 𝑥) ∈ 𝐴)) ⇒ 𝐺¬(𝑥* ∈ 𝐶 ∧ 𝑥) ∈ 𝐶))

𝐴" 𝐶 𝑂"

𝐼#

𝑂#

𝐼"
𝐴#
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Control Barrier Safety Layer



• Given system dynamics �̇� = 𝑓 𝑥, 𝑢 and barrier

function

• We want the system trajectories to stay inside

the safe set
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Control Barrier Functions

ℎ 𝑥 ≤ 0, 𝑥 ∈ 𝑋,-./
ℎ 𝑥 > 0, 𝑥 ∉ 𝑋,-./

ℎ̇ = 𝛻0ℎ ⋅ 𝑓 𝑥, 𝑢 ≤ −𝑐 ⋅ ℎ(𝑥)

Gao et al.
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• Given system dynamics �̇� = 𝑓(𝑥, 𝑢) and barrier

function

• For input-affine systems, these constraints are

affine in u!
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Control Barrier Functions

ℎ 𝑥 ≤ 0, 𝑥 ∈ 𝑋,-./
ℎ 𝑥 > 0, 𝑥 ∉ 𝑋,-./

Gao et al.

𝛻0ℎ ⋅ 𝑓 𝑥 + 𝑔 𝑥 ⋅ 𝑢 ≤ −𝑐 ⋅ ℎ(𝑥)
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Projection Layer

• Project density into safe set using change of variables
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f(x)

𝑝&(𝑥) 𝑝1 𝑧 = 𝑝& 𝑓2) 𝑧 det
𝜕𝑓
𝜕𝑥
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Projection Layer

• Project density into safe set using change of variables
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Vanilla Policy Gradient
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Example
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